On Resolutions of Cosmological Singularities in Higher-Spin Gravity by Burrington, Benjamin et al.
ar
X
iv
:1
30
9.
10
87
v2
  [
he
p-
th]
  9
 Se
p 2
01
3
MCTP-13-25
On Resolutions of Cosmological Singularities
in Higher-Spin Gravity
Benjamin Burringtona, Leopoldo A. Pando Zayasb and Nicholas Rombesb
a Department of Chemistry and Physics, Troy University
Troy, AL 36082
b Michigan Center for Theoretical Physics
Randall Laboratory of Physics, The University of Michigan
Ann Arbor, MI 48109-1120
Abstract
We study the resolution of certain cosmological singularity in the context of higher-
spin three-dimensional gravity. We consider gravity coupled to a spin-3 field realized
as Chern-Simons theory with gauge group SL(3,C). In this context we elaborate and
extend a singularity resolution scheme proposed by Krishnan and Roy. We discuss
the resolution of a big-bang singularity in the case of gravity coupled to a spin-4 field
realized as Chern-Simons theory with gauge group SL(4,C). In all these cases we
show the existence of gauge transformations that do not change the holonomy of the
Chern-Simons gauge potential and lead to metrics without the initial singularity. We
argue that such transformations always exist in the context of gravity coupled to a
spin-N field when described by Chern-Simons with gauge group SL(N,C).
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1 Introduction
Einstein theory of general relativity has passed many stringent experimental tests and pro-
vides the pillars to our current understanding of cosmology and black hole physics. It is not,
however, compatible with quantum mechanics and one therefore expects it to be subsumed
into some other theory, such as string theory. It is thus natural to consider modifications to
Einstein’s equations. One such modification that has attracted a lot of attention recently is
higher-spin gravity in asymptotically AdS spacetimes as constructed by Vasiliev [1][2]. This
extension of the Einstein’s equations of motion is very constrained and has a number of
distinctive properties. Higher spin theories are predominantly defined as classical theories.
In some cases, however, it is argued that higher spin theories are a “corner” of string theory.
Namely, some higher-spin theories are conjectured to be related to the tensionless limit of
string theory [3, 4, 5]. This limit can also be understood as the ultra-high energy limit of
string theory [6, 7] where stringy effects are dominant.
In this paper we will focus on the three-dimensional version of higher spin gravity. Three-
dimensional higher spin theories are simpler to work with than the general case for several
reasons. First, they admit a truncation whereby spin less than a certain number N can
be consistently retained [8, 9, 10, 11]; in higher dimensions it is inconsistent to retain a
finite number of higher-spin fields [12]. Another important feature of three-dimensional
higher-spin theories is that, rather than a complicated set of equations of motion as is the
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case in higher dimension, they admit a relatively simple description in terms of Chern-Simon
theories with gauge group SL(N,R)×SL(N,R) or SL(N,C), [10], [11] [13] [14]. Higher spin
theories also fit naturally in the general context of the AdS/CFT correspondence. Indeed,
many interesting aspects of the AdS3/CFT2 holography with higher-spin fields have been
developed recently, see for example: [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
Any theory of gravity has to provide answers to questions raised in the context of black
hole physics and in the cosmological setup. Indeed, various interesting aspects of black
hole physics have been discussed in the context of three-dimensional higher-spin gravity by
considering modifications of the BTZ black hole [28, 29]. For example, questions such as
explicit constructions of black holes [30],[31], [32] see in particular the review [33]; definition of
thermodynamics rules [34, 35, 36, 37, 38]. Glaringly, a gauge-invariant definition of horizon
is lacking but a lot of effort is going into the construction of a coherent picture by using
various techniques [39, 40], interesting questions about unitarity and singularity resolution
have also been addressed [41, 42].
The cosmological aspects of higher-spin gravity have received less attention. One inter-
esting effort in this direction concerns the status of cosmological singularities in higher spin
[43]. One goal of this paper is to discuss the question of cosmological singularities in general
and big-bang singularity in particular in the context of higher-spin gravity. We focus on a
precise formulation of the problem and do not address potentially related questions such as
the dS/CFT correspondence, see [44, 45] for a discussion of those topics. There is already
a very rich history of resolutions of cosmological singularities in string theory, see for exam-
ple: [46, 47, 48, 49] and the review [50] for more references; more recent works include also
[51, 52, 53]. We hope that higher-spin gravity would provide another interesting playground
to discuss the resolution of cosmological singularities.
The paper is organized as follows. In section 2 we review the Chern-Simons formulation
of three-dimensional gravity and the work [43]; we also point out fundamental differences be-
tween the situation for spin-3 black holes and spin-3 cosmology. In section 2, after reviewing
a resolution proposed by Krishnan and Roy in [43] we also show a more general approach
to the resolution of singularities in spin-3 gravity. Section 3 describes the resolution of the
big-bang singularity in the context of gravity coupled to a spin-4 field, we consider two cases
with varying degree of generality. In section 4 we show how the resolution of singularities
is possible in the context of spin-N gravity for arbitrary N . We conclude in section 5. We
relegate some technical aspects and brief discussions of geometrical aspects as viewed from
the diffeomorphic-invariant point of view to the appendices.
2 Three-dimensional higher spin gravity as a Chern-
Simons theory
Let us first review how in three dimensions Einstein gravity can be written in terms of
Chern-Simons theory [54] [55]. In particular, we shall review how dS3 appears as a solution
of Chern-Simons with SL(2,C) gauge group. On the Chern-Simons side the starting point
is a pair of connections taking values in the algebra sl(2) with generators {L0, L1, L−1} (see
appendix (A) for an explicit realization of the generators).
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The Chern-Simons connections encode the vielbein, e, and the spin connection, ω, as
A = ω + ie, A = ω − ie, (2.1)
from these data the metric can be found as
gµν =
1
Tr (L0L0)
Tr (eµeν). (2.2)
Other important aspects beyond these classical identifications and pertaining to the quantum
theory were first discussed in [54].
2.1 Review of spin-3 cosmology and singularity resolution
In this section we review the construction of [43] and set up the notation for our generaliza-
tion. The starting metric, written in Fefferman-Graham form, is
ds2 =
2π
k
(L(x)dx2 + L(x)dx2) +
(
e2τ +
(
2π
k
)2
L(x)L(x)e−2τ
)
dxdx− dτ 2. (2.3)
Note that for L = L = 0 the above metric becomes ds2 = −dτ 2+e2τdxdx, which corresponds
to dS3 (in planar coordinates) with unit radius. To connect with more traditional coordinates,
it is convenient to consider x = φ + iz, x = φ − iz. The planar de Sitter metric plays
and important role in cosmological models. It describes a spatially flat universe undergoing
exponential expansion. Such models are a good description of either the inflationary epoch or
the present epoch where the evolution of the universe is dominated by a positive cosmological
constant [56]. The planar dS solution contains a big bang singularity at τ → −∞ and causal
horizon, see [57] and [58] for a complete description of this classical properties including the
full Penrose diagram.
In the case of L and L nonvanishing the structure is more intricate. We will be particularly
interested in the possibility of removing a singularity which can be seen in the volume of the
space: √
det g =
1
2
e2τ − 2π
2
k2
LLe−2τ . (2.4)
Note that there is singularity at e4τ = 4π
2
k2
LL, at which the space has vanishing volume.
When considered in the more general context of spin-3 gravity we would like to show that
the aforementioned singularity is an artifact of a gauge choice, that is, that there exist gauge
transformations in sl(3) that lead to metrics without singularities. This is a manifestation of
the fact that spacetime (diffeomorphism-invariant information from the spin-2 field) is not
generally invariant under higher-spin gauge transformations valued in the higher-spin group.
One can check that the following connection reproduces the metric (2.3) via the definitions
(2.1) and (2.2):
A =
(
eτL1 +
2π
k
e−τL(x)L−1
)
dx+ L0dτ,
A = −
(
eτL−1 +
2π
k
e−τL(x)L1
)
dx− L0dτ.
(2.5)
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To resolve the singularity, the goal is to find a new connection A′ that has the same holonomy
as A (so that they are related by a single-valued gauge transformation) and modifies the
metric so as to remove the singularity. The generalization considered in [43] is as follows:
A′ = A+Xdx, X ≡
2∑
a=−2
eaτCa(τ)Wa,
A′ = A+Xdx, X ≡
2∑
a=−2
eaτCa(τ)Wa,
(2.6)
where the coefficients Ca(τ) are not allowed to depend on x or x, in order to simplify the
calculation of the holonomy matrix later.
Chern-Simons theory is a theory of flat connections as follows from the equations of
motion which are
dA′ + A′ ∧A′ = 0. (2.7)
In order to simplify these equations, we can move to a primitive, τ -independent connection
a′, which is related to A′ by a single-valued gauge transformation:
A′ = b−1a′b+ b−1db, b = eτL0 . (2.8)
Then the equations of motion
da′ + a′ ∧ a′ = 0, (2.9)
become ∂τCa = 0; thus Ca must be constant.
It turns out that the following conditions on our constants are sufficient to ensure singu-
larity resolution:
Tr (X2) = Tr (X
2
) = 0, Tr (XX) > 0. (2.10)
These explicitly become
0 = C20 − 3C1C−1 + 12C2C−2,
0 < C0C0 − 3C1C−1 + 12C2C−2 + c.c.
(2.11)
The final condition is that A′ and A must have the same holonomy. Instead of working
directly with the eigenvalues of the holonomy matrix, we will enforce the equivalence of the
coefficients in the characteristic polynomials of each matrix. The characteristic polynomial
of a general 3× 3 matrix M can be written as
pM(λ) = det(M)− 1
2
(Tr (M)2 − Tr (M2))λ+ Tr (M)λ2 − λ3. (2.12)
Since the holonomy matrices reside in sl(3), they are traceless. The role of the characteristic
polynomial in the context of higher spin black holes was highlighted in [30]. Thus, the two
conditions we impose are
det(H [A′]) = det(H [A]), Tr (H [A′]2) = Tr (H [A]2), (2.13)
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where the holonomy matrix of a connection A is
H [A] =
∫
A|z=const,τ=0 =
∫ 2π
0
dφAφ|τ=0. (2.14)
The second condition above is equivalent to the condition we already found, so there is
only one new constraint, in the form of a complex equation. The specific form of this new
constraint is dependent upon the choice of sl(3,C) generators.
Summarizing, the original Ansatz had 10 degrees of freedom, in the form of the five
complex constants Ca. We imposed two complex constraints and one inequality, so we
are left with 10 − 4 = 6 degrees of freedom parametrizing the singularity-resolving gauge
transformation.
2.2 Higher spin cosmology and higher-spin black holes
In this subsection we compare the situation in the cosmological setup with what is known in
the context of higher-spin black holes. First, let us recall some of the standard facts that have
been used in the context of constructing and analyzing higher-spin black holes [30, 31, 33].
This technology can be borrowed and applied to the cosmological context. In particular, we
think it is important to identify what makes this singularity resolution possible, and what
makes the cosmology case different from the black hole case. The key lies in the τ -dependence
of the conjugate connection, and how it changes the form of the veilbeins in each case.
Let us consider first the spin-3 black hole. The connection A, which is expanded in a
basis of sl(3) generators, has factors of ekr attached to each generator of weight k:
A = AaT a(k) = AaT a(k)ekr (2.15)
where T a(k) is a generator of sl(3) of weight k [30, 31, 33]. A similar pattern is followed in
the construction of spin-4 black holes as presented in [59] and [60]. The right connection, A,
has factors of e−kr attached to each generator of weight k:
A = A
a
T a(k) = A
a
T a(k)e
−kr (2.16)
Note that in this case, Aa and Aa are not complex conjugates. Thus, each Dreibein ea =
1
2
(Aa − Aa) has a term proportional to ekr and a term proportional to e−kr.
Traces of pairs of generators of sl(3) are nonzero only if the weights of the generators add
up to zero. This is not merely a feature of the principal embedding of sl(2) into sl(4) which
we are using, it is a general feature of the algebra (see appendix (A) for an explicit proof).
Thus, when a field is constructed, e.g., the metric gµν =
1
Tr (L0L0)
Tr (eµeν), it will have
terms proportional to e2kr and e−2kr, where k can be the weight of any generator. In particu-
lar, in the spin-3 case in literature, the black hole metric has terms proportional to e4r; that
is, extending the gauge group to SL(N,R) has the consequence of changing the asymptotic
behavior of spacetime, so that the space is no longer asymptotically AdS of the same radius.
A non-vanishing higher-spin charge is achieved only when a chemical potential for the cor-
responding higher-spin current is turned on. This chemical potential can be viewed as an
irrelevant deformation (see [30, 31, 33]). Interestingly, although the UV asymptotic of the
5
original geometry is changed, it can be interpreted as a flow to a new asymptotically AdS3
geometry with a different radius and appropriately different asymptotic symmetry algebra
(see also [59] and [60] for a discussion of spin-4 case.).
Let us now review why the construction of cosmological solutions is different in structure.
The connection A, which is expanded in a basis of sl(3) generators, has factors of ekτ attached
to each generator of weight k, just as in the black hole case. The crucial difference is that
the conjugate connection A also has factors of ekτ attached to each generator of weight k,
since if A = AaT a, the coefficients of the conjugate connection, A
a
, are simply the complex
conjugates of Aa. Thus, each Dreilbein ea = 1
2i
(Aa − Aa) has an overall factor of ekτ :
e = eaT a(k) =
1
2i
(Aa −Aa)T a(k)ekτ (2.17)
As in the black hole case, traces of pairs of generators of sl(4) are nonzero only if the
weights of the generators add up to zero (see appendix (A) for an explicit proof.).
Therefore, when a field is constructed, i.e. the metric gµν =
1
Tr (L0L0)
Tr (eµeν), the τ -
dependence of the vielbeins will cancel out, since the sum of the weights is zero (except for
the case of L−1 and L1, which is different because it represents the embedding of normal
spin-2 gravity into the higher-spin theory):
gµν ∝ Tr (T a(k)T b(k))eaµebν
∝ Tr (T a(k)T b(k′))(Aaµ −A
a
µ)(Abν −A
b
ν)e
(k+k′)τ
∝ Tr (T a(k)T b(−k))(Aaµ −A
a
µ)(Abν −A
b
ν) + terms from pure gravity
(2.18)
In the last line, a and b do not run over the indices consisting of the pure gravity generators,
which in our paper are L−1, L0, L1—the terms relating to pure gravity give the metric
its τ -dependence. This preserves the cosmological structure for early and late times. In
addition to giving rise to a “simpler” metric, the τ -dependence cancellation allows us to
impose time-independent conditions for singularity resolution, in the form of (2.10). In the
black hole case, these conditions would be r-dependent, but in this case, the cosmology case,
the cancelation of τ allows us to add a constant positive-definite quantity to the volume.
2.3 General connection and general singularity resolution
Inspired by the analogy with the black hole context, we consider a more general connection
in this subsection. The goal is to show that the singularity can be resolved via a gauge
transformation that of general type. Our initial Ansatz is reminiscent of the black hole
Ansatz used in [30, 31, 33] and extended in [59] and [60].
We begin with an ansatz for an sl(3,C)-valued connection (see appendix A.2 for explicit
generators) which is a generalization of (2.5), in parallel with the current literature for spin-4
black holes in AdS3 (note that this is the most general asymptotically dS3 connection):
a′ = (L1 + LL−1 +WW−2) dx
+ (w−2W−2 + w−1W−1 + w0W0 + w1W1 + w2W2 + lL−1)dx
(2.19)
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where all of the coefficients of the generators belong to C. Here we omit the normalization
coefficients of L and W for simplicity. They can be restored by L → −2π
k
L, W → − π
2k
W;
these normalization factors ensure that the CFT on the boundary of this AdS theory has
naturally normalized OPE’s. Here, however, these coefficients simply complicate the expres-
sions. Note that with this normalization, the connection A takes the form
A =
(
eτL1 + e
−τLL−1
)
dx+ L0dτ. (2.20)
What we have started with, then, is a 16-parameter (8 complex parameters) general
connection. The equations of motion da+a∧a fix (w−2, w−1, w0, w1, l) in terms of (L,W, w2);
the 16-parameter connection is reduced to a 6-parameter one. To simplify the equations, we
assume all five of those complex parameters are independent of x, x. The resulting connection
is
a′ = (L1 + LL−1 +WW−2) dx
+
{
wW2 + 2LwW0 + L2wW−2 − 8WwL−1
}
dx,
(2.21)
where we have replaced w2 by w for notational convenience. Returning to the big-A connec-
tion via (2.8), we have
A′ =
(
eτL1 + Le−τL−1 +We−2τW−2
)
dx
+
{
we2τW2 + 2LwW0 + L2we−2τW−2 − 8Wwe−τL−1
}
dx+ L0dτ.
(2.22)
We wish to find a class of connections of the form (2.22) that have the same holonomy
as (2.5), that remove the singularity from the spacetime, i.e. that change the volume of the
space so that it is positive-definite. By doing this, we will show that any singularities in
(2.3) are not true singularities in the framework of the higher-spin theory as they are, in this
case, gauge artifacts. We can do this by requiring that the gzz and gφφ arising from (2.22)
differ from those arising from (2.5) by positive quantities. A more rigorous statement about
singularities based on curvature invariants can be similarly developed (see appendix (B) for
details of relevant calculations.).
First let us write A′ in a simpler form:
A′ = A+Xdx+ Y dx, A′ = A+Xdx+ Y dx. (2.23)
The new veilbeins are then
e′ =
1
2i
(A′ − A′) = e + 1
2i
(Xdx−Xdx+ Y dx− Y dx), (2.24)
and the new metric components are
g′xx = gxx +
1
5i
Tr (ex(X − Y ))− 1
20
Tr ((X − Y )2),
g′xx = gxx −
1
20
Tr ((Y −X)2),
g′xx = gxx +
1
10i
Tr (ex(Y −X))− 1
20
Tr ((X − Y )(Y −X)).
(2.25)
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To ensure g′zz − gzz > 0 and g′φφ − gφφ > 0, we can impose the following condition:
1
10i
Tr (ex(Y −X))− 1
20
Tr ((X − Y )(Y −X))−∣∣∣∣ 15iTr (ex(X − Y ))− 120Tr ((X − Y )2) + Tr ((Y −X)2)
∣∣∣∣ > 0.
(2.26)
We also require that A and A′ have the same holonomy. We impose the following conditions
to this end:
Tr (H [A′]2) = Tr (H [A]2), det(H [A′]) = det(H [A]). (2.27)
These are two complex conditions, which represent 4 degrees of freedom. We are left with a
6− 4 = 2-parameter family of connections that remove the cosmological singularity.
What we started with was a 16-parameter general connection, and we end with a gauge-
equivalent 2-parameter connection which gives rise to a singularity-free metric. The equa-
tions of motion fixed 10 parameters, and the two complex holonomy conditions fixed 4:
16− 10− 4 = 2. The only assumption we have made is that all of the initial parameters are
independent of x and x, and that was just for simplicity of the expressions; none of the real
machinery depended on that assumption.
3 Spin-4 Cosmology
3.1 Restricted connection
We now consider a simple extension of (2.5), along the same lines as [43], following a sim-
ilar procedure to resolve the cosmological singularity. The sl(4,C)-valued connection (see
appendix A.3 for explicit generators) we consider is
A′ = A +Xdx, X =
2∑
a=−2
eaτwa(x, x, τ)Wa +
3∑
a=−3
eaτza(x, x, τ)Za. (3.1)
To apply the equations of motion, we gauge transform this to a simple connection a′ via
(2.8):
a′ =
(
L1 +
2π
k
LL−1
)
dx+
(
2∑
a=−2
wa(x, x, τ)Wa +
3∑
a=−3
za(x, x, τ)Za
)
dx. (3.2)
We require this connection to be flat, i.e. da′ + a′ ∧ a′ = 0, or in components, ∂µa′ν − ∂νa′µ+
[a′µ, a
′
ν ] = 0. Since a
′ has only one coordinate component, the commutator always vanishes,
and so the equations of motion reduce to ∂µa
′
ν − ∂νa′µ = 0. Only a′x is nonzero, so the
equations of motion are
∂τa
′
x = 0, ∂xa
′
x = 0. (3.3)
This means that wa, za are all independent of τ, x, but they are allowed to be arbitrary
functions of x. So our flat connection is
a =
(
L1 +
2π
k
L(x)L−1
)
dx+ Y dx, Y =
2∑
a=−2
wa(x)Wa +
3∑
a=−3
za(x)Za. (3.4)
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From now on we will suppress the x-dependence of L, wa, za.
We can gauge-transform back to A′, which reads
A′ = A+Xdx, (3.5)
where
X = e−τL0Y eτL0 =
2∑
a=−2
eaτwaWa +
3∑
a=−3
eaτzaZa. (3.6)
In order for the Einstein-Hilbert action in this theory to be real, it must be the case that
AaT
a = A∗aT
a. Thus our conjugate connection is
A = A0 +Xdx, X =
2∑
a=−2
eaτwaWa +
3∑
a=−3
eaτzaZa (3.7)
Note that this differs from the conjugate connection in the sl(4,R)× sl(4,R) theory; in that
theory, the generators T a in the conjugate connection are proportional to e−aρ as opposed
to eaτ .
The new vielbein resulting from this connection is
e′ = e+
1
2i
(Xdx−Xdx), (3.8)
and so the new metric components are
g′xx = gxx −
1
20
Tr (X2), g′xx = gxx −
1
20
Tr (X
2
), g′xx = gxx +
1
20
Tr (XX). (3.9)
Noting that gφφ = gxx + gxx + gxx and gzz = −gxx − gxx + gxx, we can see that sufficient
conditions for g′φφ − gφφ > 0 and g′zz − gzz > 0 are
Tr (X2) = Tr (X
2
) = 0, Tr (XX) > 0. (3.10)
The first two conditions above in 3.10 become
w20 − 3w−1w1 + 12w−2w2 + 45z20 − 120z−1z1 + 300z−2z2 − 1800z−3z3 = 0,
w20 − 3w−1w1 + 12w−2w2 + 45z20 − 120z−1z1 + 300z−2z2 − 1800z−3z3 = 0.
(3.11)
These are equivalent, since the second is the conjugate of the first. The third condition in
3.10 is
12w2w−2 − 3w1w−1 + w0w0 − 1800z3z−3 + 300z2z−2 − 120z1z−1 + 45z0z0 + c.c. > 0. (3.12)
In addition to these conditions, we also require that A′ and A have the same holonomy,
so that they are related by a single-valued gauge transformation. To enforce this, we will
equate the coefficients in the characteristic polynomials of the holonomy matrices of A′ and
A. The holonomy matrix of a connection A is given by
H [A] =
∫
A|z=const,τ=0 =
∫ 2π
0
dφAφ|τ=0. (3.13)
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In order to simplify matters, we now take wa, za, and L to be independent of x, so that
they are all constants. Thus all of our connections are independent of φ, and the holonomy
matrix is
H [A] = 2πAφ. (3.14)
For a general 4× 4 matrix M , the characteristic polynomial is
pM(λ) = λ
4 − (TrM)λ3 + 1
2
((TrM)2 − Tr (M2))λ2
− 1
6
((TrM)3 − 3Tr (M2)(TrM) + 2Tr (M3))λ+ det(M).
(3.15)
The matrices we consider belong to sl(4,C), and so are traceless, and this reduces to
pM(λ) = λ
4 − 1
2
Tr (M2)λ2 − 1
3
Tr (M3)λ+ det(M). (3.16)
We require then that
Tr (H [A′]2) = Tr (H [A]2), Tr (H [A′]3) = Tr (H [A]3), det(H [A′]) = det(H [A]).
(3.17)
The first condition is equivalent to (3.11). The second condition reads
0 = 12L2π2w2 + 2kLπ(w0 + 12w2z−1 − 9w1z0 + 12w0z1 − 30w−1z2 + 180w−2z3)
− 3k2(10w1z−2 − 4w0z−1 + 3w−1z0 − 24(w1z−1z0 + w−1z1z0 + 2w0z−1z1)
+ 24w0z
2
0 + 120(w1z−2z1 + w−1z2z−1) + 96(w2z
2
−1 + w−2z
2
1)− 240(w2z−2z0 + w−2z2z0)
+ 480(w2z−3z1 + w−2z3z−1)− 60w2z−3 − 600(w1z−3z2 + w−1z3z−2 − 2w0z−3z3)
− w−2 − 4w−2z1).
(3.18)
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The third condition is
0 = −1440L3π3z3 − 12kL2π2(3w21 − 4(2w0w2 − 3z1 + 12z21 − 30z0z2 + 60z−1z3))
+ 4k2Lπ(w20(48z1 − 1) + 9(160w22z−3 − 2z−1 + 8w21z−1 − 11z20
+ 8w2(−5w1z−2 + w−1z0) + 32z−1z1 + 48z20z1 − 128z−1z21 − 100z−2z2
− 80z−1z0z2 + 800z−2z1z2 − 4000z−3z22 + 4w−2(w2 − 8w2z1 + 10w1z2)
+ 40w2−1z3 + 800z−3z3 + 1280z
2
−1z3 − 3600z−2z0z3 + 9600z−3z1z3)
+ 24w0(2w2z−1 − 3w1z0 − 5(w−1z2 + 6w−2z3)))
+ k3(9w2
−1(−1 + 4w21 + 16z1 − 64z21 + 960z−1z3)
+ 4(w40 + 12w0(6w2(−8z2−1 + 10z−2z0 + 5z−3(−1 + 8z1))
− w1(−24z−1z0 + z−2(5 + 60z1) + 300z−3z2))
+ 6w20(z−1(4 + 8z1) + 5(−3z20 + 20z−2z2 + 120z−3z3))
+ 6w−2(4w
2
0w2 + 6(2w2(−9z20 + 2z−1(−1 + 8z1)) + w1(z0 + 12z0z1 − 40z−1z2))
+ w0(1 + 4z1 − 96z21 + 120z0z2 + 480z−1z3))
+ 144w2
−2(w
2
2 + 5(−5z22 + z3 + 12z1z3))
+ 9(−400w22z2−2 + 160w1w2z−2z−1 + 4z2−1 − 16w21z2−1 − 10z−2z0 + 24z−1z20
+ 81z40 − 64z2−1z1 − 40z−2z0z1 − 432z−1z20z1 + 256z2−1z21 + 960z−2z0z21
+ 400z−2z−1z2 + 960z
2
−1z0z2 − 1800z−2z20z2 − 3200z−2z−1z1z2
+ 10000z2
−2z
2
2 − 2000z2−2z3 − 3840z3−1z3 + 14400z−2z−1z0z3 − 24000z2−2z1z3
+ 5z−3(−1 + 192w22z−1 − 144w1w2z0 + 4z1 + 128z21 − 768z31
+ w21(4 + 48z1)− 360z0z2 + 2880z0z1z2 − 4800z−1z22 + 960z−1z3
− 6480z20z3 + 11520z−1z1z3)))
− 24w−1(w20w1 + 6w0(z0 − 8z0z1 + 20z−1z2 + 100z−2z3)
+ 3(2w2(−12z−1z0 + 5z−2(−1 + 8z1)) + w1(9z20 − 100z−2z2))
+ 2w−2(2w1w2 + 5(z2 − 8z1z2 + 36z0z3))))).
(3.19)
Summarizing, we started with a connection with 12 unspecified complex constants (wa,
za), which represent 24 degrees of freedom. We have three complex conditions on these
constants, which represent 6 degrees of freedom. We are thus left with an 18-parameter
family of gauge transformations that eliminate the cosmological singularity. Due to the
generality of the above conditions we expect them to be of general type and therefore have
the number of zeroes claimed above; we have checked that this is true in some limited cases.
3.2 General connection and general singularity resolution
We begin with an ansatz for an sl(4,C)-valued connection which is a generalization of (2.5),
in parallel with the literature for spin-4 black holes in AdS3 (note that this is the most
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general asymptotically dS3 connection):
a′ = (L1 + LL−1 +WW−2 + ZZ−3) dx
+ (w−2W−2 + w−1W−1 + w0W0 + w1W1 + w2W2 + lL−1
+ z−3Z−3 + z−2Z−2 + z−1Z−1 + z0Z0 + z1Z1 + z2Z2 + z3Z3)dx
(3.20)
where all of the coefficients of the generators belong to C. Here we omit the normalization
coefficients of L, W, and Z for simplicity. They can be restored by L → 2π
k
L, W → − π
2k
W,
and Z → π
720k
Z. With this normalization, the connection A takes the form
A =
(
eτL1 + e
−τLL−1
)
dx+ L0dτ. (3.21)
What we have started with, then, is a 32-parameter (16 complex parameters) general
connection. The equations of motion da+a∧a fix (w−2, w−1, w0, w1, z−3, z−2, z−1, z0, z1, z2, l)
in terms of (L,W,Z, w2, z3); the 32-parameter connection is reduced to a 10-parameter one.
To simplify the equations, we assume all five of those complex parameters are independent
of x, x. The resulting connection is
a′ = (L1 + LL−1 +WW−2 + ZZ−3) dx
+
{
wW2 + (2Lw − 200Wz)W0 +
((L2 − 100Z)w − 100LWz)W−2
+ zZ3 + 3LzZ1 +
(
3L2 − 60Z) zZ−1 + (L3 − 44LZ) zZ−3
+ (4320Zz − 8Ww)L−1} dx,
(3.22)
where we have replaced w2 by w and z3 by z for convenience. Returning to the big-A
connection via (2.8), we have
A′ =
(
eτL1 + Le−τL−1 +We−2τW−2 + Ze−3τZ−3
)
dx
+
{
we2τW2 + (2Lw − 200Wz)W0 +
((L2 − 100Z)w − 100LWz) e−2τW−2
+ ze3τZ3 + 3LzeτZ1 +
(
3L2 − 60Z) ze−τZ−1 + (L3 − 44LZ) ze−3τZ−3
+ (4320Zz − 8Ww) e−τL−1
}
dx+ L0dτ.
(3.23)
We wish to find a class of connections of the form (3.23) that have the same holonomy as
(2.5), and take the metric (2.3) with singularities, to a metric without singularities. By this,
we mean that we hope to make all components of the metric non-vanishing, to show that
any singularities in (2.3) are not true singularities as they can be eliminated via a holonomy-
preserving gauge transformation. We can do this by requiring that the gzz and gφφ arising
from (3.23) differ from those arising from (2.5) by positive quantities.
First let us write A′ in a simpler form:
A′ = A+Xdx+ Y dx A′ = A+Xdx+ Y dx. (3.24)
The new veilbeins are then
e′ =
1
2i
(A′ − A′) = e + 1
2i
(Xdx−Xdx+ Y dx− Y dx), (3.25)
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and the new metric components are
g′xx = gxx +
1
5i
Tr (ex(X − Y ))− 1
20
Tr ((X − Y )2),
g′xx = gxx −
1
20
Tr ((Y −X)2),
g′xx = gxx +
1
10i
Tr (ex(Y −X))− 1
20
Tr ((X − Y )(Y −X)).
(3.26)
To ensure g′zz − gzz > 0 and g′φφ − gφφ > 0, we can impose the following condition:
1
10i
Tr (ex(Y −X))− 1
20
Tr ((X − Y )(Y −X))−∣∣∣∣ 15iTr (ex(X − Y ))− 120Tr ((X − Y )2) + Tr ((Y −X)2)
∣∣∣∣ > 0.
(3.27)
We also require that A and A′ have the same holonomy. As before, we can impose the
following conditions to this end:
Tr (H [A′]2) = Tr (H [A]2), Tr (H [A′]3) = Tr (H [A]3), det(H [A′]) = det(H [A]).
(3.28)
The first condition in equation 3.28 reads explicitly as
0 = 4L2w2− 720L3z2+10000W2z2+Ww
(
11
2
− 500Lz
)
−Zz (1800− 25200Lz)− 300Zw2
(3.29)
The second condition in equation 3.28 reads
0 = 18432L4wz2 + 3W(−1 + 19200(w2 − 15z)zZ) + 120wZ(1 + 288000z2Z)
+ 8L2(36Wz(8w2 + 149z)− w(1 + 322560z2Z))
+ 4L(−50400wW2z2 + 2160wzZ +W(16w2 + 71z + 36000000z3Z))
− 32wW2(6w2 + 5z)− 576L3z(w + 2000Wz2).
(3.30)
The third condition in equation 3.28 reads
0 = 2985984L6z4 + 1600000000W4z4 + 18432L5z2(5w2 + 18z)
+ 32L4(8w4 + 207z2 − 401472wWz3 + 15863040z4Z)
+ 12W2(3w2 − 40z + 32000z2(11w2 + 900z)Z)
+ 45Z(−1 + 6400(5w4 + 4w2z + 90z2)Z − 82944000000z4Z2)
+ L(−125440000wW3z3 + 3wW(7 + 1280(866w2 − 3615z)zZ)
+ 120Z(−25w2 + 96z + 57600(131w2 − 480z)z2Z)
+ 32W2(24w4 − 586w2z + 1235z2 − 900000000z4Z))
− 8(160wW3(42w2 − 425z)z + L3(−5w2 + 18z + 32wW(250w2 − 63z)z
− 61200000W2z4 + 23040(55w2 − 81z)z2Z)
+ 120wWZ(21w2 − 65z + 36000000z3Z)
+ L2(−96W2z2(5747w2 + 1725z) + wW(−8w2 + 409z − 167904000z3Z)
+ 60Z(80w4 − 480w2z + 1779z2 + 27216000z4Z))).
(3.31)
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The actual form of the conditions is not very illuminating, but we have included them here
for completeness. What is important is that the conditions are of general type which allows
us to proceed with a general counting as follows. What we started with was a 32-parameter
general connection, and we end with a gauge-equivalent 4-parameter connection which gives
rise to a singularity-free metric. The equations of motion fixed 22 parameters, and the three
complex holonomy conditions fixed 6: 32−22−6 = 4. The only assumption we have made is
that all of the initial parameters are independent of x and x, and that was just for simplicity
of the expressions; none of the real machinery depended on that assumption.
4 Resolution of cosmological singularity in spin-N cos-
mology
Now to return to the restricted connection: it seems that this specific choice of restricted
connection can be generalized to spin-N dS gravity. Such a generalized connection might
take the form
A′ = A+Xdx, X =
N∑
s=3
s−1∑
a=−(s−1)
eaτw(s)a W
(s)
a , (4.1)
where W
(s)
a is an sl(N) generator of weight a in the spin-s multiplet of the principal embed-
ding of sl(2) into sl(N), and w
(s)
a are simply the corresponding complex coefficients. It is
easy to check that this reduces to (3.1) for N = 4, with W
(3)
a =Wa and W
(4)
a = Za.
For the spin-4 case, we had 5 + 7 = 12 complex constants; for spin-N , there will be
5+7+ · · ·+ (2N − 1) = N2− 4 complex constants representing 2N2− 8 degrees of freedom.
The conditions (3.10) will be unchanged, and will always represent 2 degrees of freedom.
The holonomy matrices in spin-N gravity will have N eigenvalues to fix (this is equivalent
to fixing the coefficients of the characteristic polynomial); one will be fixed by the intrinsic
tracelessness of the matrix, and one will be fixed by the conditions (3.10), leaving N − 2
complex conditions, or 2N − 4 degrees of freedom. Thus for spin-N gravity, there will be
a (2N2 − 8) − (2N − 4) − 2 = 2(N2 − N − 3)-parameter family of gauge transformations
that remove the cosmological singularity. We can not explicitly check that the conditions are
of general type. However, based on the structure of the spin-3 and spin-4 case, we assume
that the restrictions are of general type and that our counting of degrees of freedom in the
equations is accurate.
5 Conclusions
In this work we have explored the possibility of resolving cosmological singularities in the
context of higher-spin 3d gravity. We have explicitly demonstrated that a mechanism pro-
posed in the case of spin-3 can be generalized to spin-4. We have also included a resolution
which is general in that it requires only that the asymptotic form of dS3 be preserved. We
have also provided evidence that the mechanism works for the general spin-N case.
In the appendix we have discussed some of the aspects of the geometry from the dif-
feomorphic (spin-2) invariant point of view. For example, we have shown that the minimal
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volume of the cosmological evolution depends on all the parameters of the gauge transforma-
tion. Namely, the minimal volume depends on all the charges involved in the construction of
higher-spin cosmology. From this point of view, and from our discussion of the asymptotic
structure in the presence of higher spin fields in section 2.2, it seems that cosmology is mildly
modified by the presence of higher spin fields as compared to the situation in higher-spin
black holes.
Our work is a step in the study of cosmological singularities in higher-spin gravity theories.
It would be interesting to develop more general criteria for characterizing generic singularities
in higher-spin theories.
Given that some cosmological horizons in asymptotically dS3 can be attributed an en-
tropy, an interesting open problem is the consideration of thermodynamics in this context
along the lines of [61, 62]. Indeed, as this paper was being prepared for posting a preprint
appeared [63] that discusses some such aspects in the presence of higher spin fields. We hope
to return to some of these problems in the future.
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A Algebra: Generators and some properties
In this appendix we present the explicit realizations of the algebra generators that we used
in the main body of the paper.
A.1 sl(2) generators
We use the following matrices to furnish a basis of sl(2):
L1 =
(
0 0
1 0
)
, L0 =
(
1/2 0
0 −1/2
)
, L−1 =
(
0 −1
0 0
)
(A.1)
The commutation relations satisfied by these generators is
[Lm, Ln] = (m− n)Lm+n (A.2)
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A.2 sl(3) generators
We use the following matrices to furnish a basis of sl(3):
L1 =

0 0 01 0 0
0 1 0

 , L0 =

1 0 00 0 0
0 0 −1

 , L−1 =

0 −2 00 0 −2
0 0 0


W1 =

0 0 01 0 0
0 −1 0

 , W0 =

2/3 0 00 −4/3 0
0 0 2/3

 , W1 =

0 −2 00 0 2
0 0 0

 (A.3)
W2 =

0 0 00 0 0
2 0 0

 , W−2 =

0 0 80 0 0
0 0 0


The commutation relations satisfied by these generators is
[Lm, Ln] = (m− n)Lm+n
[Lm,Wp] = (2m− p)Wm+p
[Wp,Wq] = −1
3
(p− q)(2p2 + 2q2 − pq − 8)Lp+q
(A.4)
A.3 sl(4) generators
We use the following matrices to furnish a basis of sl(4):
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L1 =


0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

 , L0 =


3
2
0 0 0
0 1
2
0 0
0 0 −1
2
0
0 0 0 −3
2

 , L−1 =


0 −3 0 0
0 0 −4 0
0 0 0 −3
0 0 0 0


Z−1 =


0 24 0 0
0 0 −48 0
0 0 0 24
0 0 0 0

 , Z0 =


−6 0 0 0
0 18 0 0
0 0 −18 0
0 0 0 6

 , Z1 =


0 0 0 0
−8 0 0 0
0 12 0 0
0 0 −8 0


Z−2 =


0 0 −120 0
0 0 0 120
0 0 0 0
0 0 0 0

 , Z2 =


0 0 0 0
0 0 0 0
−10 0 0 0
0 10 0 0

 (A.5)
Z−3 =


0 0 0 720
0 0 0 0
0 0 0 0
0 0 0 0

 , Z3 =


0 0 0 0
0 0 0 0
0 0 0 0
−20 0 0 0


W1 =


0 0 0 0
2 0 0 0
0 0 0 0
0 0 −2 0

 , W0 =


2 0 0 0
0 −2 0 0
0 0 −2 0
0 0 0 2

 , W−1 =


0 −6 0 0
0 0 0 0
0 0 0 6
0 0 0 0


W−2 =


0 0 24 0
0 0 0 24
0 0 0 0
0 0 0 0

 , W2 =


0 0 0 0
0 0 0 0
2 0 0 0
0 2 0 0


In the above basis, we find that the commutation relations are
[Lm, Ln] = (m− n)Lm+n
[Lm,Wn] = (2m− n)Wm+n
[Lm, Zn] = (3m− n)Zm+n (A.6)
[Wm,Wn] = −2
5
(m− n)Zm+n
+
4
25
(m− n)
(
n4 +m4 + n3m+ nm3 + n2m2
−15(n2 +m2) + 44
)
Lm+n
[Wm, Zn] = (10m
3 − 10m2n+ 6mn2 − 2n3 − 34m+ 18n)Wm+n
[Zm, Zn] = −(m− n)(2m2 + 2n2 − 2mn− 14)Zm+n
+4(m− n)
(
3m4 + 3n4 − 2(m3n +mn3) + 4n2m2
−39(m2 + n2) + 20mn+ 108
)
Lm+n
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and the traces of combinations of generators are
Tr (L−1L1) = −10
Tr (L0L0) = 5
Tr (W−2W2) = 96
Tr (W−1W1) = −24
Tr (W0W0) = 16
Tr (Z−3Z3) = −14400
Tr (Z−2Z2) = 2400
Tr (Z−1Z1) = −960
Tr (Z0Z0) = 720
(A.7)
All other traces vanish.
A.4 Weights and the structure of traces
In an algebra, we can have an operator L0, under which all other operators have a weight
[L0, An] = nAn. (A.8)
The algebra therefore divides up into a direct sum of the different weight spaces under this
operator.
In a representation of the algebra, the trace will only be non zero if the sum of the weights
under this L0 operator are zero. This is always the case because
[L0, AnBm] = [L0, An]Bm + An[L0, Bm] = (n+m)AnBm (A.9)
[L0, AnBm] = (n+m)AnBm (A.10)
Taking the trace of both sides, we get
0 = Tr([L0, AnBm]) = (n+m)Tr(AnBn). (A.11)
Thus, the combination (n + m)Tr(AnBn) = 0. This means that if Tr(AnBn) 6= 0, then
(n+m) = 0, i.e., for the product to have non-vanishing trace, the sum of the weights under
the L0 operator must be 0.
This must be true for all such L0 operators in the algebra, for example, all of the Cartan
subalgebra generators. Hence, for the trace to be non zero, the weight w.r.t. any given
Cartan element must be zero, i.e., Tr(W~aW~b) 6= 0 → ~a + ~b = 0, where the vectors ~a are
vectors of weights under the Cartan generators ~H.
B Some diffeomorphic-invariant information
In this section we examine some of the properties of the geometry and how the gauge trans-
formation affects them. In particular we check that the minimal volume in the cosmological
evolution is, in fact, determined by all the charges of the gauge transformation.
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The dS3 analog of the BTZ black hole is
ds2 = −dt2 +
(
etdx+
2π
k
Le−tdx
)(
etdx+
2π
k
Le−tdx
)
(B.1)
We will call this metric g.
The metric arising from the (restricted) SL(4,C) connection is
ds2 = −dt2 +
(
etdx+
2π
k
Le−tdx
)(
etdx+
2π
k
Le−tdx
)
− 4
5
(w0dx− w0dx)2
+
12
5
(w−1dx− w−1dx)(w1dx− w1dx)− 48
5
(w−2dx− w−2dx)(w2dx− w2dx)
− 36(z0dx− z0dx)2 + 96(z−1dx− z−1dx)(z1dx− z1dx)
− 240(z−2dx− z−2dx)(z2dx− z2dx) + 1440(z−3dx− z−3dx)(z3dx− z3dx)
(B.2)
We will call this metric g′.
In the process of resolving the cosmological singularity in g, we enforced that g′xx = gxx
and g′xx = gxx. Thus we can rewrite g
′ as
ds2 = −dt2 +
(
etdx+
2π
k
Le−tdx
)(
etdx+
2π
k
Le−tdx
)
+Mdxdx, (B.3)
where
M =
1
20
(12w2w−2−3w1w−1+w0w0−1800z3z−3+300z2z−2−120z1z−1+45z0z0+c.c.) (B.4)
We also enforce that M > 0.
We would like to examine some physical properties of this metric. We start by calculating
the determinant of the metrics:
det g =
(
1
2
e2t − 2π
2
k2
LLe−2t
)2
(B.5)
det g′ =
(
1
2
e2t +
2π2
k2
LLe−2t + 1
2
M
)2
− 4π
2
k2
LL
=
(
1
2
e2t − 2π
2
k2
LLe−2t + 1
2
M
)2
+
4π2
k2
LLMe−2t
(B.6)
We are reassured that we have removed the singularity, since clearly det g′ > det g, and both
are non-negative quantities.
The volume of our space is proportional to the square root of | det g′|. Since det g′ is a
positive definite quantity, the volume is simply proportional to
√
det g′. We can calculate
the minimum volume (by minimizing det g′):
d
dt
(det g′) = 0 =
(
e2t +
4π2
k2
LLe−2t +M
)(
e2t − 4π
2
k2
LLe−2t
)
(B.7)
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The quantity in the left parentheses is the sum of three positive definite terms, and can never
be zero. So the minimum occurs when
e4t =
4π2
k2
LL (B.8)
We know it is a minimum because
d2
dt2
(det g′) =
1
2
(
2e2t − 8π
2
k2
LLe−2t
)2
+
(
e2t +
4π2
k2
LLe−2t +M
)(
2e2t +
8π2
k2
LLe−2t
)
(B.9)
is a sum of positive-definite quantities.
The minimum volume is then
√
det g′|
e4t= 4pi
2
k2
LL
=
√
M2
4
+
2π
k
M
√
LL (B.10)
We can see that asM (which consists of constants from the higher-spin gauge transformation
only) goes to zero, the minimum volume goes to zero, and the singularity is restored. The
minimum volume depends both on the initial charges deforming dS3, L and L, and all of the
higher-spin parameters, through M .
The scalar curvature is given by
2(Ric) = (3k4e8τ + 10k4Me6τ + 11k4M2e4τ + 4k4M3e2τ − 48k2π2LLe4τ + 88k2π2MLLe2τ
+ 104k2π2M2LL+ 16k2π2M3LLe−2τ + 288π4L2L2 + 352π4ML2L2e−2τ
+ 176π4M2L2L2e−4τ − 768k−2π6L3L3e−4τ + 640k−2π6ML3L3e−6τ
+ 768k−4π8L4L4e−8τ )
/
[(
1
2
e2t − 2π
2
k2
LLe−2t + 1
2
M
)2
+
4π2
k2
LLMe−2t
]2
(B.11)
The denominator above is the square of the determinant of the metric, which we have shown
to be non-vanishing everywhere. Thus the scalar curvature is finite everywhere. Similarly,
the denominator of the Kretschmann scalar RabcdRabcd is the fourth power of det g
′, and so
is finite everywhere.
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